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The theory developed by Ch. Loewner [36] in 1923, and nowadays bearing his name, 
has been extended and used in the past decades to solve many different problems in the 
area of complex analysis. Just to name a few instances, the Loewner theory is one of 
the main tool in the de Branges' proof of the Bieberbach conjecture, and it has been 
recently successfully exploited in connection with stochastic equations to study scaling 
limits of various probabilistic and physical models (giving rise to the so called SLEs of 
Oded Schramm). 

The original idea of Loewner was to represent a family of domains obtained by removing 
from the complex plane a Jordan arc by means of a family (nowadays known as a Loewner 
chain) of univalent functions defined on the unit disc and satisfying a suitable differential 
equation. Such a machinery was later studied and extended to other types of simply 
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connected domains by Kufarev in 1943 and Pommerenke in 1965 ([29], [12], and see also 
[131 Chapter 6]). 

The classical Loewner partial differential equation in the unit disc D := G C : |C| < 
1} is given by 

dftiz) dftiz) 



dt dz 



-G{z,t). 



where : © — i- C is a family of univalent mappings depending on the parameter t > 
0, ft{0) = 0, /((O) = e*, and G{w,t) = — for some continuous function k : 
[0, +oo) — )• dB). The vector field G{w,t) is a so-called Herglotz vector Geld. 

The classical radial Loewner equation is the following associated non-autonomous or- 
dinary differential equation 

w = G{w, t) for almost every t G [s, oo) 
w{s) = z. 

The solutions 1 1— )■ ips,t{z) of such a differential equation possess certain "semigroup- type" 
properties, and the family {(ps,t) is called an evolution family of the unit disc. 

The relations among the three objects, that is, Loewner's chains, evolution families and 
Herglotz vector fields, is the core of Loewner's theory and its extensions and generaliza- 
tions. 

The aim of this note is to provide an updated account of the extensions and gener- 
alizations of the original Loewner theory, with a particular view toward the geometrical 
and dynamical aspects of the above equations and their invariant forms. We will start 
by presenting quite in detail the original work of Loewner, and the extension by Pom- 
merenke, Kufarev and Schramm in the unit disc. Next, we will describe infinitesimal 
generators of semigroups of holomorphic self-maps on complex manifolds, with the target 
of presenting a very general and natural definition of Herglotz vector fields and evolution 
families, as discovered by the author and M. D. Contreras and S. Diaz-Madrigal in [TO] . 
jllj . In this new framework, the accent is put on the evolution families considered as 
families of holomorphic self-maps resembling semigroups. Hence, on the one side they 
are objects that can be iterated, creating a "dynamical system", and on the other side 
they are generated by non-autonomous vector fields which are semicomplete for almost 
all times. In this optic, Loewner chains are essentially viewed as "intertwining mappings" 
which conjugated the dynamical behavior of an evolution family on a complex manifold 
with the geometry of an "abstract basin of attraction" which we call the Loewner range. 
The construction of Loewner chains, taken by the work of the author with L. Arosio, H. 
Hamada, G. Kohr [5], is categorial and provides the "PDE Loewner equation" in its full 
generality. 

Some results are presented with a sketch of the proof, and some efforts are made to 
relate various branches of the theory to a single unified source (for instance the reverse 
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equation used from Schramm is presented here starting from the Loewner classical equa- 
tion). However, many applications of Loewner theory and other areas of related researches 
are not discussed here. For further material, we refer the reader to the survey paper [2], 
the books [21] (for basic one dimensional and the higher dimensional theory) and [33] (for 
SLEs), and the recent paper [HI [15j (for the multi-connected cases). 

These notes are the revised version of the text of the plenary talk the author gave at 
XIX Congress of the Unione Matematica Italiana held in Bologna, 12-17 September 2011. 
The author wants to sincerely thank the organizers for both the invitation to give the 
talk and the possibility of writing these notes. Also, the author warmly thanks Pavel 
Gumenyuk for several comments which improved this paper. 

2. The classical Loewner equation 

We define the "class S" as the set of all univalent (i.e. holomorphic and injective) 
function / : D ^ C such that /(O) = 0, /'(O) = 1. Namely, 

5 := {/ : D ^ C : / is univalent, /(O) = 0, /'(O) = 1}. 

By the Riemann mapping theorem, given a simply connected domain D G C, D ^ C, 
there exists a univalent and surjective mapping g : Vi ^ D, called a Riemann map. Up 
to translation we can assume that E D. With this assumption, one can show that there 
exists a unique Riemann map go '■ ^ ^ D such that goiO) = and A := g'^^O) > 0. 
In particular, if we dilate D by 1/A, the unique Riemann map g : B ^ \D such that 
g{0) = 0, g'{0) > 0, belongs to the class S. 

Definition 2.1. A slit map / : D — )■ C is a univalent mapping such that /(O) = and 
the complement of /(lU) in C is a Jordan arc F, i.e., there exists a continuous injective 
curve 7 : [0,T) ^ C such that lim^^r \l{t)\ = oo, F := 7([0,T)) and /(D) = C \ F. 

One can prove that slit maps are dense (with respect to the topology of uniform con- 
vergence on compacta) in the class S. Therefore, if one can prove certain bounds on slit 
maps, they propagate to all the class S. 

Now we are going to discuss the so-called "parametric representation of slit maps" due 
to Ch. Loewner. 

Let 7 : [0, T) — )• C be a Jordan arc such that limt^x \l(t)\ = oo, F := 7([0, T)). Assume, 
up to translation, that ^ F. Let F^ := 7([t, T)), for t G [0,T). Then Dt := 'C \ Tt is a 
family of simply connected domains with the property that Dg C Dt for s < t. 

Let /f : D — )■ D( be the Riemann map such that ft{0) = 0, //(O) > 0. Then we can 
expand ft and obtain 

ftiz)=(3{t)[z + hit)z^ + hit)z^ + ...]. 

By the geometry of -Dj's, one can show that t i— i- I3(t),bj{t) are continuous for all j > 2. 
Moreover, consider the map z h- )■ ^s,t{z) := /^^ ° /s(^) < i)- Then Lfg^t : D — D is 
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holomorphic, injective, <fs,t{0) = and it is not the identity map. By the Schwarz' Lemma 
it follows then ^p's^iO) < 1. Hence, 1 1— )■ (3{t) is strictly increasing. 

It can be also proved that limj_>T/3(t) = +00. Indeed, if this is not the case, then 
thanks to the so-called "distortion theorems" for the class S, one would find a converging 
(in the topology of uniform convergence on compacta) subsequence of {ft} which would 
converge to a biholomorphism from D to C. 

Therefore, we can re-parameterize the Jordan arc 7 by define a{s) := (3^^{e^) and 
7 : [0, +00) — ?■ C as 7(5) = 7(cr(s)). With this new parametrization we have 



i>2 



— )■ C is called a classical 



Definition 2.2. A family {ft) of univalent mappings ft : 
Loewner chain if 

(1) /,(0) = 0, /;(0) = e* for alH > and 

(2) /,(©) C ft{B) for all < s < t. 

Now we can state Loewner's original result: 

Theorem 2.3 (Loewner). Let (ft) be a classical Loewner chain of slit maps. Let ips^t : = 
ft^ o : D — )■ < s < t. Then there exists k : [0, +00) — ?■ dU) a continuous function 
such that for all t G [0, +00) and 2; G D 



(2.1) 

Moreover, lim- 



1 + k{t)^,^t{z) 



t^ooe'-(ps,t[^) 



dt l-k{t)^sA^)- 
fs{z) uniformly on compacta. 



Sketch of the proof. The map ips,t '■ ^ 
also that 



is univalent, v^s,t(0) = 0, ip'st{0) = e** *. Note 



^s,t = ^u,t O ^s,u < S <U<t. 



Also, by Caratheodory's extendability result (see, e.g. 
up to dB for all < s < t. 

The function D \ {0} 9 z H- gs.t{z) '■= '^^^^^ extends holomorphic in 



), the map ips^t is continuous 



by defining 



5's,t(0) = V^s,t(0) = e'^ * and gs,t{,z) 7^ for all z G D because ^ps^t is injective and it is equal 
to zero at 2; = 0. Hence, since © is simply connected, it is possible to define the logarithm 



s-t 



t. 



4>s,t{^) '■— loss's,* (-2) 5 choosing the branch of log such that loge 

Now, the image of © under ^ is D \ where Tg^t is a Jordan arc contained in D 
and starting from a boundary point. Therefore, there exists an arc As^t C (9D such that 
V9,,j(a© \ A,^t) C dB, hence Rec^.^dB \ A,^ = 0. Also, Recp.^z) < for all ;z G D. We 
apply then the Poisson formula and obtain 

1 r p«f _|_ 7 



27r J A - z 
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By the mean value theorem, there exist 9\ 6" G M such that e'^', e*^" G As^t and 



Re 



+ zim 



But 



^ / Re (ps,tiVmAe''))d9 = Re 0s,i(<^n^,.(O)) = Re 0,,t(O) = s - t. 



Therefore 

(2.2) 0s,t(v5m,s(2;)) = (S - t) 



Re 



Ad' 



Now, = fm,t{^) for < TTi < s < t, heuce 

Vs,t(V5m,s(2;)) 



+ ilm 



0s,t(v^m,s(2:)) = log 



log 



It can be proved that, as t — >■ s, the arc As^t shrinks to a point A(s) G which represents 
the preimage of the tip of the arc Tg^t under cps^t. From this, and from f l2.2p we obtain 



hm^log^^ 



t^s t — S 



— lim 



Re 



i\m 



X{s) - (fm,ti^) 



A(s) + (pmA^)' 

Unwrapping the left hand side, we obtain (12. ip with k{t) := 1/X{t). The rest of the 
statement is technical and we omit it (see, e.g. [H]). □ 

In the proof of Loewner's equation we defined a family (v?s,t) of univalent self-mappings 
of the unit discs having certain semigroup properties. Abstracting those properties we 
give the following 

Definition 2.4. A family {ips,t) with < s < t < +oo of univalent self-maps of the unit 
disc D is a classical evolution family if 

(1) ips^t = ipu,t o fs,u for all < s < M < t, 

(2) y,,,(0)=0,y.;,(0)=e-*. 

Given a classical Loewner chain {ft), it is possible to define a classical evolution family 
(v^s,t) by means of the formula 

(2.3) ft o ip^^t = fs- 

Since ips,t = fi^ ° fs, it is clear that such an evolution family is uniquely determined. 
However, the converse is not so immediate. We will discuss later (see Theorem 17. 3p of the 
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uniqueness of Loewner chains associated to a given evolution family on complete hyper- 
bolic manifolds, and the reader can easily check that in the classical case the uniqueness 
follows as a result of the normalization chosen in the definition of classical Loewner chains. 

Equation (12. ip can be re- written in the following way. Let k : [0, -|-cxd) — dH) be 
continuous and let 

l + k{t)z 

Then Rep{z, t) >0 for all ^ G D and t e [0, +oo). Let 

G{z, t) = —zp{z, t). 
Loewner's equation (12.11) reads as 

(2.4) ^ = Gfe,,W,i)- 

The equation ( 12. ip (or the more general equation (12. 4p ) are known as radial Loewner 
equations. 

Looking abstractly to the properties of G, we give the following definition 

Definition 2.5. A classical Herglotz vector field G{z, t) = —zp{z, t) is a non-autonomous 
vector field such that 

(1) [0, +oo) 9 t I— 7- p{z^ t) is measurable for all 2; G ©, 

(2) z pi^z, t) is holomorphic for all t G [0, +00) 

(3) Rep{z,t) > for almost all t G [0, +00), 

(4) p{0, t) = 1 for all t G [0, +00). 

Differentiating (12. 3p and taking into account (12. 4p we obtain the following PDE: 

(2.5) ^^..^^ai.,y 

Ch. Pommerenke ^ |12] showed that (Q, dM]) and ([23]) hold in the context of 
classical Loewner chains, classical evolution families and classical Herglotz vector fields, 
and not only for slit maps. We will discuss later of a more general version of these results. 

2.1. The Bieberbach conjecture. The Bieberbach conjecture states the following. Let 

f eS. Expand f{z) = z + E,- ^gC^m^™"- Then 

|ctm| < "Ti Vm G N. 

The Bieberbach conjecture has been positively solved by L. de Branges [17], who proved 
the so called Milin's conjecture (which implies the Bieberbach conjecture) using special 
functions and Loewner's equation (a simplified proof is given by C. FitzGerald and Ch. 
Pommerenke [20]). 
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The case m = 2 is a consequence of the so called "area theorem" (see, e.g., [IE])- The 
case m = 3 was proved by Loewner himself, using his equation (I2.5p . We give here a brief 
sketch of his idea. We start with 

Now, we expand 

piz,t) = l+p^{t)z + p2{t)z^ + 

and also, we write 

ft{z) = e'z + a2{t)z^ + .... 
Substituting in fl2.6p and equating coefficients with the same degree in z, we obtain for 
almost alH > 0, 

d '>TL—l 

k=l 

Now, multiplying both sides by e"™"* and integrating, one obtains an expression for am 
which involves the terms pk- By the distortion theorems for p{z, t), it follows that \pk{t) \ < 
2 for all k. From here (after some algebraic manipulations which are working well only 
for m = 2, 3), we obtain the estimates. 

2.2. Slit mappings and the Loewner differential equation. Given a continuous 
function k : [0, +oo) — t- dB), one can consider the PDE 

.2 7^ MM = dM^)l + k{t)z 

^ ' ' dt dz l~k{t)z' 

with z G ©. The function k is called the driving term of the equation. 

Loewner's theorem 12.31 shows that any evolution family of slit mappings satisfies (12. 7p 
with a continuous driving term. The converse is not true: P. P. Kufarev [31j showed that 
the solutions to (12. 7p with continuous driving term are not slit mappings in general. 

The question is then which are the relations between the properties of the driving term 
k in (12.71) and the family generated by the solutions. It is known that if the evolution 
derives from a slit which is real analytic, then k is real analytic. A proof of this fact can 
be found in [19j, where C. Earle and A. Epstein proved also that if the slit is of class 
then the driving term is at least of class C"^~^. 

In [38], D. Marshall and S. Rohde proved that if the slit in C is a "quasiarc" (namely 
it is the image of [0, oo) under a quasiconformal homeomorphism of C) then the driving 
term is Lipschitz continuous with exponent 1/2. And conversely, there exists a constant 
C > such that if \k{t) - k{s)\ < C\t - s\^/^ for all s,t G [0, +oo) then C \ /j(D) is a 
quasiarc for all t. In Kufarev's example, the driving term k is Lipschitz continuous with 
exponent 3-\/2, thus C < 3\/2. J. Lind [37] has proved that the best constant C is 4. 
However, W. Kager, B. Nienhuis, L. P. Kadanoff [27] showed that there exist examples 
of slit evolutions for which the associated driving terms have arbitrary big norm. In [31] , 
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D. Prokhorov and A. Vasil'ev extended such results to the case of evolutions of so-called 
"chordal type" (see below) when the slit is an arc tangent to the boundary, proved that 
in such the driving term is 1/3-Lipschitz. 

3. KUFAREV-LOEWNER CHORDAL EQUATION 

In 1946 P. P. Kufarev [30j (developed later by Kufarev himself, Sobolev and Sporysheva 
|32j ) proposed an equation of evolution in the upper half-plane M. := {z E C : \m z > 0} 
analogous to the one proposed by Loewner in the unit disc. Note that H and D are 
conformally equivalent by means of the Cayley transform 

1 + z 

D 3 ;z ^^ i G H. 

1 — z 

However, Kufarev's equation is not just a transliteration from D to HI by means of the 
Cayley transform of Loewner's evolution equation. Kufarev in fact considered a different 
equation, where the base point of the evolution is at oo. This process is connected to 
physical problems in hydrodynamics. 

In order to introduce Kufarev's equation properly, let us fix some notations. Let 7 be 
a Jordan arc in the upper half-plane EI with starting point 7(0) = 0. Then, there exists 
a unique Riemann map /t : HI — )■ HI \ 7[0, t] normalized such that 

z 

Up to a re-parametrization of the curve 7, one can assume that c{t) = —2t. Such a 
normalization is sometimes called the hydrodynamics normalization. Under this normal- 
ization, one can show that ft satisfies the following differential equation. For all t > 
and for all 2; G EI 

where k : [0, +00) — M is a continuous function. Conversely, starting with a continuous 
function /c : [0, -|-oo) — ?■ M, one can consider the non- autonomous holomorphic vector field 

and the associated initial value problem for each z G EI: 

^ = P{w{t),t), w{0) = z. 
at 

Let t n- w^{t) denote the only solution of the previous system, and let ft{z) := w^(t). 
Then : HI — i- HI is univalent. This equation is nowadays known as the chordal Loewner 
differential equation and the function k is its driving term. The name "chordal" is due 
to the picture that the images of the solutions of the associated characteristic equation 
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draw when taking the time-hmit: something hke the half-plane erased a chord joining two 
boundary points. 

Moving back to the unit disc by means of the Cayley transform, it is easy to see that 
the chordal Kufarev-Loewner equation takes the form 

(3.2) ^ = (l_^)2p(^,t), z{Q)=z, 

where Rep(z, t) > for alH > and z G D. 

We will show later on that both the classical Loewner equation and its radial general- 
izations and the Kufarev equation are just particular cases of a more general picture. 

D. Marshall kindly told me in a private conversation that the classical Loewner equation 
and the Kufarev one are equivalent in the sense that can be obtained one from the other 
by means of a suitable construction. 

4. Reversing evolution and SLE's 

The original Loewner equation (and the generalized Pommerenke's and Kufarev's equa- 
tions) deals with families of univalent mappings from © to increasing families of simply 
connected domains. In the applications it is sometimes useful to consider a reverse evolu- 
tion. Namely, let {Dt)t>o be a family of simply connected domains contained in the unit 
disc D and such that Dt C Ds for all < s < t. We also assume that Dq = D. 

A typical example is given by considering a Jordan arc 7 : [0, +00) — i- C such that 
7(0) e dB and 7((0, 00)) C D. In such a case A = © \ 7([0,t]). If G A for all t, one 
can consider a chain of univalent mappings ft:V>^Dt normalized so that /t(0) = and 
//(O) > 0. This is a sort of "reverse classical Loewner evolution". 

Similarly, one can consider a "reverse chordal Kufarev-Loewner evolution" , taking the 
upper half-plane model M and removing a growing Jordan arc 7 : (0, +00) — )■ EI such that 
7(0) = 0, considering the chain given by /j : HI — > EI \ 7([0,t]) with the hydrodynamics 
normalization. 

In this section we restrict ourselves to the case of the "reverse classical Loewner evo- 
lution". However, one can show the same procedure works for all generalizations of the 
classical Loewner equation (see also [16]). 

For t > 0, let : D — )■ Df be a Riemann mapping normalized such that ft{0) = and 
/;(0) > 0. Assume that A := /t(D) be such that Dt G for < s < t and /o = id. 
Moreover, ID)\ A is a Jordan arc 7 : [0, +00) — )■ C such that 7(0) G (9D and 7((0, 00)) C D. 

Let (3{t) := /i(0). By Schwarz' lemma, (3 : [0, +00) — )■ is a decreasing function, 
/5(0) = 1. Let 

A := lim f3{t). 

Then < A < 1. Let a{s) := P~^{e~^), for s G [0, — InA). We re-parameterize the 
Jordan arc as 7(5) := 7(17(5)), for s G [0, — In A). With such a parametrization we have 
/t(0) = 0,/;(0)=e-*fortG[0,-lnA). 
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Fix T e (0, -InA), and, for t G [0,r], let (f)t{z) := fr-tiz). By definition, 0,(D) C 
(/)t(D) for all < s < t < T and 0t = id. Also, 0t(O) = 0, 0^(0) = e*"^. 

The family {(ft) is a "classical Loewner chain" as defined in Section |2l except that 
t G [0,T] instead of taking values in [0,+oo). In any case, we can define the associated 
"evolution family" ips^t '■= ft^ ° fs- It is easy to check that such a family satisfies the 
requirement of Definition \2A\ taking < s < t < T. 

Then Theorem 12 . 3 1 applies and there exists fcy : [0, T) — )■ a continuous function such 
that for all t G [0,T) and z G D equation (12. ip holds with kx replacing k. 

Then the family (0f)tg[o,T] satisfies (12. 5p . i.e. 

d(t)t{z) 1 + kT{t)z 

= '^^^'^'l^Tk^z 

Now, taking into account that 0t = fr-t) from the previous equation we obtain 
dft{z) _ dMz)J + kT{T-t)z 
dt dz \-kT{T-t)z' 

This yields that kxiT — t) = kT'{T' — t) for all t < min{T, T'}. Thus, setting k{t) : = 
— t) whenever t G [0, T), we find 

Note that (14.11) differs from (12.51) by a sign. Now, let 

gt := fi' : A ^ ©. 

Since z = ft{gt{z)) for all z G /t(ID)) = Z^^, differentiating in t and taking into account 
(14.11) . we obtain 



dt dz dt 

dfti I ^^ l + k{t)gt{z) dft, , ..dgtiz) 



dz'""'"' l-k{t)gt{z) dz'""'"' dt 
Since ft is univalent, we get 

2) ^^*(^) _ ^1 + Ht)gt{z) 



dt 1 - k{t)gt{z) 

for all t G [0, - In A) and 2; G A. 

Note that, given ^ G D, (gi]) holds for all t G [0, -InA) li z ^ 7([0,-lnA)). If 
z = 7(to) then (g^D holds for all t G [0,to). 

Putting together the previous considerations we have 

Theorem 4.1 (Reverse classical radial Loewner evolution). Let 7 : [0, M) C be a 
Jordan arc such that 7(0) G and 7((0, M)) C D. Lei : D D, /or t G [0, M), be a 
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family of Riemann mappings such that D \ /t(D) = 7((0,t]), /t(0) = and //(O) = e *. 
Let Qt := ft"^. Then there exists a continuous function k : [0,M) — )■ (9D such that 



dgt{z) _ I + k{t)gt{z) 



dt 1 - k{t)gt{z) 

for all z e © anc? either for all t e [0, M) «/z ^ 7([0, M)), orforallt G [0,to) ^/-z = 7(^0)- 

A similar argument as before applies to the Kufarev-Loewner chordal equation. In 
particular, we obtain the reverse evolution from (13. ip . That is 

Theorem 4.2 (Reverse classical chordal Kufarev-Loewner evolution). Let 7 : [0, M) — C 
be a Jordan arc such that 7(0) = and 7((0, M)) C H. Let : H -> H, /or t e [0, M), 
be a family of Riemann mappings such that H \ /i(EI) = 7((0, t]), ft{z) = z — ^ + O (^) . 
Let gt := ff^. Then there exists a continuous function k : [0, M) — >■ M such that 

dgtjz) _ 2 
dt g,{z)-k{ty 

for all z G H and either for all t G [0, M) z/z 7([O,Af)), orforallt G [0,to) ^/-^ = 7(^0)- 

4.1. The Schramm-Loewner equation. In 1999 Oded Schramm [S] had the wonder- 
ful idea of replacing the driving term of the classical Loewner equation for single-slit 
maps with a weighted Brownian motion, inventing the nowadays well known stochastic- 
Loewner equations, or Schramm-Loewner's equations. In particular, the (chordal) sto- 
chastic Loewner evolution with parameter k > (SLE^) starting at a point x G M is the 
random family of univalent maps (gt) obtained from the reverse classical chordal Kufarev- 
Loewner equation replacing the driving term k{t) with y/kBt, where is a standard one 
dimensional Brownian motion such that y/kBo = x. That is 

dgtiz) 2 
dt g,{z) - VkBt 

Similarly, one can define a radial stochastic Loewner evolution starting from the reverse 
classical radial Loewner equation replacing the driving term k(t) with e~*^^% i.e. 

dgtiz) l + e-'^^'^gtiz) . , 

— 7^ — = z F , Qo{z) = z. 

The SLEfc depends on the choice of the Brownian motion and it comes in several flavours 
depending on the type of Brownian motion exploited. For example, it might start at a 
fixed point or start at a uniformly distributed point, or might have a built in drift and 
so on. The parameter k controls the rate of diffusion of the Brownian motion and the 
behaviour of the SLE^ critically depends on the value of k. 

The SLE2 corresponds to the loop-erased random walk and the uniform spanning tree. 
The SLEg/s is conjectured to be the scaling limit of self-avoiding random walks. The SLE3 
is conjectured to be the limit of interfaces for the Ising model, while the SLE4 corresponds 
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to the harmonic explorer and the Gaussian free field. The SLEg was used by Lawler, 
Schramm and Werner in 2001 [LSWl], [LSW2] to prove the conjecture of Mandelbrot 
(1982) that the boundary of planar Brownian motion has fractal dimension 4/3. Moreover, 
Smirnov [Sm] proved that SLEg is the scaling limit of critical site percolation on the 
triangular lattice. This result follows from his celebrated proof of Cardy's formula. We 
refer the reader to the very beautiful book of G. Lawler [33] for more details. 



5. Semigroups and infinitesimal generators 

Looking at the classical radial Loewner equation (12. ip and the classical chordal Kufarev- 
Loewner equation (13. 2p . one notices that there is a similitude between the two. Indeed, 
we can write both the equation in the form 

with 

G{z,t) = {T-Z){l-Tz)p{z,t), 

where r = 0, 1 and Rep{z, t) > for all z G D and t > 0. 

The reason for the previous formula is not at all by chance, but it refiects a very 
important feature of "Herglotz vector fields". In order to give a rough idea of what we 
are aiming, consider the case r = (the radial case). Fix t = to ^ [0, +c>o). Consider the 
holomorphic vector field H{z) := G{z,tQ). Let h{z) := Then, 

(5.1) dh,{H{z)) = 2Re {H{z), z) = -\z\^Rep{z, to) < 0, ^z e D. 

This Lyapunov type inequahty has a deep geometrical meaning. Indeed, (15. ip tells that 
H points toward the center of the level sets of h, which are concentric circles centered at 
0. For each zq G D, consider then the Cauchy problem 



(5.2) 



w{0) = zo 



and let : [0, 5) — )■ D be the maximal solution (such a solution can propagate also in 
the "past", but we just consider the "future" time). Since H points inward with respect 
to all circles centered at 0, the fiow t i— )■ w^°{t) cannot escape from the circle h{z) = h{zQ). 
Therefore, the fiow is defined for all future times, namely, 5 = +oo. This holds for all 
Zo G D. 

Hence, the Herglotz vector field G{z, to) has the feature to be M+-semicomplete for all 
fixed to- 

Let if be a M"^-semicomplete holomorphic vector field on D and let [0, +oo) ^t— )■ w^{t) G 
D be the solution of (15. 2p . By the holomorphic fiow-box theorem, the map 



[0, +oo) X D ^^ (pt{z) := w^t) G D 
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is real analytic, and for all fixed t, the map z (ptiz) is holomorphic. By definition 
00 = id and by the uniqueness of solutions of fl5.2p . 

In other words, {(pt) is a continuous morphism of semigroups between (M>o, +) endowed 
with the Euclidean topology and the semigroup of holomorphic self-maps of the unit disc 
(Hol(ro, ro), o) endowed with the topology of uniform convergence on compacta. 

Recall that a holomorphic vector field if on a complex manifold M is a section of the 
holomorphic tangent bundle TM. In case M is a domain in C" (for instance the unit disc 
in C), then TM ~ M x C" and thus we can interpret if as a holomorphic function from 
M to C". With this in mind, we give the following definition: 

Definition 5.1. Let M be a complex manifold. A holomorphic vector field if : M — )■ TM 
is an infinitesimal generator if for each zq € M, its flow starting from zq is defined for all 
t > 0. 

Also, we define: 

Definition 5.2. Let M be a complex manifold. A continuous semigroup of holomorphic 
self-maps of M, {4>t)t>o, is a continuous morphism of semigroups between (M>o, +) en- 
dowed with the Euclidean topology and the semigroup of holomorphic self-maps of M 
endowed with the topology of uniform convergence on compacta. 

It can be shown that if {(pt) is a semigroup, then for each t > 0, the map z i— )■ (pt{z) is 
univalent. 

Let M be a complex manifold. By the holomorphic flow-box theorem, for an infinitesi- 
mal generator H on M there exists a unique continuous semigroups {4>t)t>o of holomorphic 
self-maps of M such that 

(5.3) ^ = HMz))- 

Conversely, given a continuous semigroup of holomorphic self-maps of M, there exists a 
unique infinitesimal generator H on M such that (15. 3 p holds ([8], see also e.g., [1], |I6]). 

Much has been done in the theory of semigroups, see |46j for a very good recent account. 
Here we content ourselves to examine the theory we need for our aim. 

As we saw before, a classical Herglotz vector field G{z, t) (as defined in Definition 
12. 5p has the property that for all t > 0, the holomorphic vector field z i— )■ G{z,t) is an 
infinitesimal generator, and one might suspect that this is the right choice for a workable 
definition of a general Herglotz vector field. Therefore, it is fundamental to characterize 
which holomorphic vector fields are infinitesimal generators. 

The previous argument with the function h, gives a basic rough idea of the way one 
can characterize infinitesimal generators. Before going ahead, we need to recall some few 
facts about the so-called "invariant distances". We refer the reader to [28] and [1] for 
details. 
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Let a; : D X D — ;> denote the Poincare distance on D. Recall that 



1 l + \Uw) 



5 



where Tz{w) = f^^- Essentially by a re-interpretation of the Schwarz lemma, the 
Poincare distance has the property of being shrunk by holomorphic self-maps of the unit 
disc, namely, if / : D — )■ D is holomorphic, then 

uj{f{z),f{w))<u{z,w) Vz,we©. 

Moreover, there is equality for some z ^ w — and hence for all — if and only if / is an 
automorphism of D. The Poincare distance is of class outside the diagonal. Take a 
semigroup {(f)t) of holomorphic self-maps of D generated by the infinitesimal generator H. 
Then, for z ^ the function 

(5.4) t^u;(0t(z),0tH) 

is differentiable (because 0i(;z) ^ (j^tiw) for all t > being the map injective) and decreas- 
ing, since 

(Jj{(t)t{,z), (f)tiw)) = Lu{(f)t-e+eiz), 0t_e+e(w)) 

= U{(f)e{(pt-e{z)), 4>e{4>t-e{w))) < u{(f)t-e{z), (f)t-e{w)) . 

Differentiating in t at t = we obtain thus 

(5.5) du(^,^^y {H{z),H{w)) <0, \/z,weB,z^w. 

Note that if 0t(O) = for all t > 0, then H{0) = and the previous equation for w = 
is equivalent to dhz{H{z)) < (where, as before, h{z) = \z\'^), that is, 

(5.6) Re{H{z),z) <0. 

However, being H{0) = 0, it follows that H{z) = —zp{z) for some holomorphic function 
p : © ^ C, and §M> implies that p : B ^ {w e C : Rem > 0}. 

Condition (15.51) is also necessary to ensure that H is an infinitesimal generator (see 
[H]). The geometric reason of such is that such equation means that Poincare discs are 
shrunk by the flow of H, hence the flow starting at any given point of © cannot reach 
the boundary in a finite time. Analytically, fl5.5l) translates saying that the function 
(15.41) (where t H- (f)t{z) denotes here the flow starting at z) is decreasing in time, and 
therefore the vector field H is semicomplete. In fact, starting from (15. 5p one can derive 
useful equivalent analytical characterizations of infinitesimal generators in the unit disc — 
historically, such characterizations have been derived directly without using formula (15.51) . 
which was discovered in [9j. 

Theorem 5.3 (Characterization of infinitesimal generators in the unit disc). Let H : 

© — )■ C 5e holomorphic. Then the following are equivalent: 

(1) H is an infinitesimal generator, 
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(2) (^) du^,,^) ■ (Hiz), Hiw)) < 0, yz,weB,z^ w, 

(3) (^) there exist a G C and q : 3 {w E C : Rew > 0} holomorphic such that for 
allz eB 

H{z) = a — Hz^ — zq{z), 

(4) (Berkson-Porta's formula [8jj there exist r G D and p : © — )■ {u; G C : Reiy > 0} 
holomorphic such that for all z ElD) 

H{z) = {t - z){l-Tz)p{z). 

Sketch of the Proof. We already saw the equivalence between (1) and (2). Now, if H{0) = 
the previous discussion shows that H{z) = —zp{z) for some holomorphic function 
p:D— j-jtyGC: Rew> 0}. Hence (3) and (4) holds with a = r = and they are 
equivalent to (1) and (2) in such a case. 

Now, using the infinitesimal Poincare metric, given by ds"^ = -^jq^pp? and the shrinking 
properties of holomorphic self-maps of the unit disc and arguing similarly as above (see 
also [H Thm. 1.4.14]), one can show that H is an infinitesimal generator if and only if 

Re [2zH{z) + (1 - \z\'^)H'{z)] < G ©. 

As a consequence, the set of infinitesimal generators is a real cone with vertex 0. Now, 
given a G C, a direct computation shows that the holomorphic vector field B) 3 z ^ 
ga{z) = a — az^ is a generator of a group of automorphisms of D. Namely, both Qa and 
—Qa are infinitesimal generator. Therefore, a holomorphic vector field H is an infinitesimal 
generator if and only ii H — Qa is an infinitesimal generator for all a G C. Hence, setting 
a := H{0), it follows that a holomorphic vector field H is an infinitesimal generator if and 
only if 

Re{H{z)-ga{z),z) <0. 

This implies that (3) is equivalent to (1) and (2). The equivalence with (4) in case r 7^ 
relies on dynamical properties of the semigroups which we are not going to discuss in 
here, and therefore it is omitted. □ 

Remark 5.4. Berkson-Porta's formula (4) relates the infinitesimal generator H with the 
dynamical properties of the associated semigroup {(pt)- In particular, the point r is (except 
in the case of a group of rotation) the attractive fixed point of the semigroup, i.e., 4>t{z) — )■ 
r as t — 00 for all 2; G ©. 

5.1. Higher dimension. In higher dimension one can replace the Poincare distance with 
the Kobayashi distance. First, we recall the definition of Kobayashi distance (see [2S] for 
details and properties). Let M be a complex manifold and let z,w E M. A chain of 
analytic discs between z and w is a finite family of holomorphic mappings : D — >■ M, 
j = 1, . . . ,m and points tj G (0, 1) such that 

/l(0) = Z, f,{t,) = /2(0), . . . , /^-l(t„_l) = /^(O), fUtm) = W. 
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We denote by Cz,w the set of all chains of analytic discs joining z to w. Let L G Cz^w The 
length of L, denoted by i{L) is given by 

TTl TTl 

i{L) :=X:a;(0,t,) = X;^logi±^. 

j=l j=l 

We define the Kobayashi (pseudo) distance kM{z,w) as follows: 

kM{z,w) := inf £{L). 

If M is connected, then kM{z,w) < +00 for all z,w & M. Moreover, by construction, it 
satisfies the triangular inequality. However, it might be that kM{z,w) = even if z ^ w 
(a simple example is represented by M = C, where k^ = 0). In the unit disc, /cd = u. 

Definition 5.5. A complex manifold M is said to be (Kobayashi) hyperbohc if kM{z, w) > 
for all z,w & M such that z ^ w. Moreover, M is said complete hyperbolic if /cm is 
complete. 

Important examples of complete hyperbolic manifolds are given by bounded convex 
domains in C". 

The main property of the Kobayashi distance is the following: let M, be two complex 
manifolds and let / : M — > be holomorphic. Then for all z,w & M it holds 

kNifiz),f{w)) < kMiz,w). 

It can be proved that if M is complete hyperbolic, then ku is Lipschitz continuous 
(see [6]). If M is a bounded strongly convex domain in with smooth boundary, L. 
Lempert (see, e.g. [28]) proved that the Kobayashi distance is of class C°° outside the 
diagonal. In any case, even if km is not smooth, one can consider the differential dkM 
as the Dini-derivative of km, which coincides with the usual differential at almost every 
point in M X M. 

The following characterization of infinitesimal generators is proved for strongly convex 
domains in [9J, and in general in [6J: 

Theorem 5.6. Let M be a complete hyperbolic complex manifold and let H be an holo- 
morphic vector field on M. Then the following are equivalent. 

{1) H is an infinitesimal generator, 

(2) For all z,w & M with z ^ w it holds 

idkM)M-iH{z),H{w))<0. 

6. L'^-Herglotz vector fields and Evolution families 

In the previous section we saw that the classical Herglotz vector fields which appear in 
the Loewner equation have the property to be infinitesimal generators for all fixed times. 
We will exploit such a fact to define a general family of Herglotz vector fields. As a matter 
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of notation, if M is a complex manifold, we let || ■ || be a Hermitian metric on TM and 
(Im the corresponding integrated distance. 

Definition 6.1. Let M be a complex manifold. A weak holomorphic vector field of order 
d > 1 on M is a mapping G : M x R+ — TM with the following properties: 

(i) The mapping G{z,-) is measurable on R"*" for all z G M. 

(ii) The mapping G{-,t) is a holomorphic vector field on M for all t G M"*". 

(iii) For any compact set if C M and all T > 0, there exists a function Ck,t ^ 
L'^([0,T],R+) such that 

\\G{z,t)\\ < CK,T{t), zeK, a.e. t G [0,T]. 

A Herglotz vector field of order (i > 1 is a weak holomorphic vector field G{z, t) of order 
d with the property that M 3 z ^ G{z, t) is an infinitesimal generator for almost all 
t G [0,+cx)). 

Remark 6.2. If M is complete hyperbolic, then a weak holomorphic vector field G{z,t) of 
order d ii a Herglotz vector field of order d if and only if 

(6.1) idkM){z,w)- iG{z,t),G{w,t)) <0, z,weM,Zy^w, a.e. t > 0. 

This is proved in [9J for strongly convex domains, and in [6jJ for the general case. 

Using the so-called distortion theorem for holomorphic mappings p : © — > {w G C : 
Re w > 0} and the Berkson-Porta formula in Theorem l5.3l it can be proved that a classical 
Herglotz vector field as in the sense of Definition 12.51 or given as in the Kufarev-Loewner 
equation (13. 2p . is a Herglotz vector field of order oo in the unit disc in the sense of the 
previous definition. 

Herglotz vector fields in the unit disc can be decomposed by means of Herglotz functions 
(and this the reason for the name). We begin with the following definition: 

Definition 6.3. Let d G [l,+oo]. A Herglotz function of order d is a function p : 
D X [0, +oo) (—7- C with the following properties: 

(1) For all z G D, the function [0, +oo) 3 t p{z, t) G C belongs to Lf^^{[0, +oo), C); 

(2) For all t G [0, +00), the function B> 3 z p{z, t) G C is holomorphic; 

(3) For all 2; G D and for all t G [0, +00), we have Rep{z, t) > 0. 

Then we have the following result which, using the Berkson-Porta formula, gives a 
general form of the classical Herglotz vector fields: 

Theorem 6.4. [lOjLet r : [0, +00) ID) be a measurable function and let p : 3 x 
[0, -|-oo) C be a Herglotz function of order d G [l,+cx3). Then the map Gr^p : ID) x 
[0, +00) — )• C given by 

Gr,p{^,t) = {z-Tit))iV{t)z-l)p{z,t), 

for all z eV> and for all t G [0, -l-oo), is a Herglotz vector field of order d on the unit disc. 
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Conversely, if G : B) x [0, +00) C is a Herglotz vector field of order d G [l,+oo) 
on the unit disc, then there exist a measurable function r : [0, +00) — )■ D and a Herglotz 
function p : D x [0, +00) — )• C 0/ order d such that G{z,t) = Gr,p{z,t) for almost every 
t e [0, +00) and all z eB. 

Moreover, iff : [0, +00) — )■ © zs another measurable function and p : D x [0, +00) — )■ C 
is another Herglotz function of order d such that G = Gf^p for almost every t G [0, +00) 
then p{z,t) = p{z,t) for almost every t G [0, +00) and all z & B) and rit) = f(t) for 
almost all t G [0, +00) such that G{-, t) ^ 0. 

We also give a generalization of the concept of evolution families: 

Definition 6.5. Let M be a complex manifold. A family {ifs,t)o<s<t of holomorphic self- 
mappings of M is an evolution family of order d > 1 {or L'^-evolution family) if it satisfies 
the evolution property 

(6.2) ips^s = id, <^s,t = fu,t o '^s,u, < s <u <t, 

and if for any T > and for any compact set K GG M there exists a function ct,k ^ 
L'^([0,r],M+) such that 

(6.3) dM{Vs,t{^)^^s,u{^)) < / CT,K{Odt z G K, < s < u < t <T. 

J u 

Remark 6.6. The Schwarz lemma and distortion estimates imply that a classical evolution 
family in the sense of Definition 12.41 is an evolution family of order 00 in D. 

A classical evolution family in the sense of Definition 12.41 is, by its very definition, 
constituted by univalent maps, while this is not required a priori in the general definition 
of evolution family given in Definition 16.51 However, it is always a case that an evolution 
family is made of univalent functions, as the following proposition (cf. [5!, Prop. 2.3]) 
shows: 

Proposition 6.7. Let d G [1, +00]. Let {ips,t) be an L'^-evolution family for some d > 1. 
Then for all < s < t the map M 3 z ^ Vs,t{z) is univalent. 

Proof. We proceed by contradiction. Suppose there exists < s < t and z ^ w m. M such 
that ^s,t{,z) = ips,t{w). Set r := infju G [s^t] : ips,u{z) = ips,u(yU!)}. By Lemma [TT[ Lemma 
2], \imu^s+ fs,u = id uniformly on compacta, we have r > s. If -u G (s,r), 

and since (ps,u{z) 7^ ips^uiw), the mappings (pu,r, u G (s,r), are not univalent on a fixed 
relatively compact subset of M. But again by [11 , Lemma 2] , limu^r- ^u,r = id uniformly 
on compacta, which is a contradiction since the identity mapping is univalent. □ 

Remark 6.8. If {(pt) is a continuous semigroup of holomorphic self-maps of a complex 
manifold M, one can define an evolution family {ips,t) by setting 

ips,t ■= 4>t-s, S <t. 
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It is not too difficult to check that {fs,t) is a L°°-evolution family in the sense of the above 
Definition 16.51 

The classical Loewner and Kufarev-Loewner equations can be generalized as follows: 

Theorem 6.9. Let M be a complete hyperbolic complex manifold. Then for any Herglotz 
vector field G of order d G [l,+oo] there exists a unique L'^-evolution family {^Ps,t) over 
M such that for all z ^ M 

(6.4) ^(^z)=G{ips,t{z),t) a.e.te[s,+oo). 

Conversely for any L'^- evolution family {ips,t) over M there exists a Herglotz vector field G 
of order d such that (16. 4p is satisfied. Moreover, if H is another weak holomorphic vector 
field which satisfies (16. 4p then G{z,t) = H{z,t) for all z & M and almost every t G M^. 

Equation (16. 4p is the bridge between the L'^-Herglotz vector fields and L'^-evolution 
families. The result has been proved in [10] for the case M = D the unit disc in C". In 
pO] it has been proved to hold for any complete hyperbolic complex manifold M with 
Kobayashi distance of class G^ outside the diagonal, but the construction given there 
only allowed to start with evolution families of order d = +oo. Next, in [26] the case of 
L'^-evolution families has been proved for the case M = B" the unit ball in C". Finally, 
in [6], L. Arosio and the author proved Theorem 16.91 in complete generality. 

The previous equation, especially in the case of the unit ball of C"" and for the case 
d = +00, with evolution families fixing the origin and having some particular ffist jets at 
the origin has been studied by many authors, we cite here J. A. Pfaltzgraff [SH], [ID], T. 
Poreda [H], I. Graham, H. Hamada, G. Kohr [2^, I. Graham, H. Hamada, G. Kohr, M. 
Kohr [23] (see also [25]). 

The strong relation between semigroups and evolution families on the one side and 
Herglotz vector fields and infinitesimal generators on the other side, is very much reflected 
by the so-called "product formula" in convex domains of S. Reich and D. Shoikhet [15] 
(see also [IE]), generalized on complete hyperbolic manifold in [B]. Such a formula can 
be rephrased as follows: let G{z, t) be a Herglotz vector field on a complete hyperbolic 
complex manifold M. For almost all t > 0, the holomorphic vector field M 3 z ^ G{z, t) 
is an infinitesimal generator. Let (0*) be the associated semigroups of holomorphic self- 
maps of M. Let {<fs,t) be the evolution family associated to G{z,t). Then, uniformly on 
compacta of M it holds 

(f)l = lim = lim {<^t,t+^ o ■ ■ ■ o <^t,t+^) ■ 

m 

Using such a formula for the case of the unit disc ©, in [12] it has been proved the following 
result which gives a description of semigroups-type evolution families: 

Theorem 6.10. Let G{z,t) be a L'^-Herglotz vector field in D and let {(ps,t) be the asso- 
ciated L'^ -evolution family. The following are equivalent: 
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(1) there exists a function g G ^^^^([0, +oo), C) and an infinitesimal generator H such 
that G{z,t) = g{t)H{z) for a// z G © and almost all t > 0, 

(2) ifs^t ° ^u,v = '~Pu,v ° '■Ps,t for all < s < t and < u < v. 

7. Abstract Loewner chains 

In order to end up the picture started with the classical Loewner theory, we should put 
in the frame also the Loewner chains. 

In the unit disc ©, the general theory of Loewner chains has been settled by M. D. 
Contreras, S. Diaz-Madrigal and P. Gumenyuk [13j, who showed that to each L'^-evolution 
family {(ft) is associated an (essentially unique) "L'^-Loewner chain" (ft) of univalent maps 

: D — i- C such that fs = ft° fs,t for all < s < t. Their proof relies on a limiting 
process similar (although technically more complicated) to the classical case. 

From this point of view, if Z) C C"^ is a bounded domain, apparently, it seems natural 
to define a Loewner chain as a family of univalent mappings /t : D — )■ C". In fact, in 
case D = M"' the unit ball, much effort has been done to show that, given an evolution 
family (v?s,t) on B" such that fs,t{^) = and d{ips,t)o has a special form, then there exists 
an associated Loewner chain. We cite here the contributions of J. A. Pfaltzgraff [32], |1D], 
T. Poreda j43], I- Graham, H. Hamada, G. Kohr [22j, I. Graham, H. Hamada, G. Kohr, 
M. Kohr [23], L. Arosio [1], M. Voda [18]. In the last two mentioned papers, resonances 
phenomena among the eigenvalues of d{ips,t)o are taken into account. However, the (very 
natural) fact that resonances enter into the game, gives a clue that possibly, if one stays 
with the willing of looking for chains with values in C", associated Loewner chains might 
not always exist. Not to talk about evolution families on a complex manifold: in such a 
case, what is the appropriated target domain for Loewner chains? 

The previous question, which leads to a very general theory, has been answer in 0. 
Interesting and surprisingly enough, regularity conditions-which were basic in the classical 
theory for assuming the limiting process to converge — do not play any role. In order to 
explain our results, we give some definition: 

Definition 7.1. Let M be a complex manifold. An algebraic evolution family is a family 
{^s,t)o<s<t of univalent self- mappings of M satisfying the evolution property (16. 2p . 

A L'^-evolution family is an algebraic evolution family because all elements of a L'^- 
evolution family are injective as we showed before. 

Definition 7.2. Let M, be two complex manifolds of the same dimension. A family 
(/t)t>o of holomorphic mappings : M — )■ is a subordination chain if for each < s < t 
there exists a holomorphic mapping Vs^t : M ^ M such that fs = ft°Vs,t- A subordination 
chain (ft) and an algebraic evolution family {ips,t) are associated if 



fs = ft° ^s,t, < s <t. 
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An algebraic Loewner chain is a subordination chain such that each mapping ft'.M^ 
N is univalent. The range of an algebraic Loewner chain is defined as 

rgift) ■.= [jft{M). 

t>o 

Note that an algebraic Loewner chain (ft) has the property that 

fsiM) C ft{M), 0<s<t. 

We have the following result which relates algebraic evolution families with algebraic 
Loewner chains, whose proof is essentially based on abstract categorial analysis: 

Theorem 7.3. [5J Let M be a complex manifold. Then any algebraic evolution family 
{^Ps,t) on M admits an associated algebraic Loewner chain {ft: M — > A^). Moreover if 
{gt'- M — )■ Q) is a subordination chain associated with {^Ps,t) then there exist a holomorphic 
mapping A: rg (ft) — )■ Q such that 

gt = Ao ft, Wt > 0. 

The mapping A is univalent if and only if (gt) is an algebraic Loewner chain, and in that 
case rg{gt) = A(rg(/t)). 

Proof. We define an equivalence relation on the product M x M"*": 

(x, s) ~ {y, t) iff ips.a{x) = <^t,u{y) " la^ge enough. 

and we let := (M x M+)/^. Let tt : M x M+ — > A^ be the projection on the quotient, 
and let Zj: M — )■ M X M"*" be the injection it{x) = {x,t). Define a family of mappings 
ift-.M^N) as 

ft -.= 110 it, t>0. 
Each mapping ft is injective and by construction 

fs = fto Vs,u < s <t. 
Thus we have /,(M) C ft{M) for < s < t and A^ = Ut>o ft{M). 

Endow the product M x with the product topology, considering on M"*" the discrete 
topology. Endow A^ with the quotient topology. Each mapping ft is continuous and open, 
hence it is an homeomorphism onto its image and we define a complex structure on A^ by 
considering the M-valued charts {ft~^, ft{M)) for all t > 0. 

If {gt'. M — > Q) is a subordination chain associated with {^Ps,t), then the map \1': M x 
M+ ^ Q 

{z,t) ^ gt{z) 

is compatible with the equivalence relation ~, thus it passes to the quotient defining a 
holomorphic mapping A: N ^ Q such that 

9t = Aoft, t>0. 

□ 



22 



F. BRACCI 



The previous theorem shows that the range rg{ft) of an algebraic Loewner chain (ft) 
is uniquely defined up to biholomorphisms. In particular, given an algebraic evolution 
family {ips,t) one can define its Loewner range Lr{(fs t) as the class of biholomorphism of 
the range of any associated algebraic Loewner chain. 

As one can suspect, the L'^ regularity of an algebraic evolution family passes to the 
associated algebraic Loewner chain. This is the right definition: 

Definition 7.4. Let d G [l,+oo]. Let M,N be two complex manifolds of the same 
dimension. Let rfjy be the distance induced by a Hermitian metric on A^. An algebraic 
Loewner chain (/^ : M — A^) is a L'^ -Loewner chain (for G [1, +C)o]) if for any compact 
set K CC M and any T > there exists a kK,T e L'^([0, T], R+) such that 

(7.1) dN{fs{z),Mz)) < I kKAOd^ 

for aW ze K and for all < s < t < T. 

The L'^-regularity passes from evolution family to Loewner chains and back: 

Theorem 7.5. [5] Let M be a complete hyperbolic manifold with a given Hermitian metric 
and d G [1, +00]. Let (ps,t be an algebraic evolution family on M and let {ft: M — )■ A^) be 
an associated algebraic Loewner chain. Then {(Ps,t) is a L'^-evolution family on M if and 
only if {ft) is a L'^-Loewner chain. 

As one can imagine, once the general Loewner equation is established and Loewner 
chains have been well defined, even the Loewner-Kufarev PDE can be generalized. We 
state here a result in this sense from |5]: 

Theorem 7.6. Let M be a complete hyperbolic complex manifold, and let N be a complex 
manifold of the same dimension. Let G : M x ]R+ — > TM be a Herglotz vector field 
of order d G [l,+oo] associated with the L''- -evolution family {^s,t)- Then a family of 
univalent mappings {ft'- M ^ N) is an L'^-Loewner chain associated with {fs,t) if O'^d 
only if it is locally absolutely continuous on M"^ locally uniformly with respect to z & M 
and solves the Loewner-Kufarev PDE 

df 

^{z) = -{df,),G{z,s), a.e. s > 0, z G M. 

OS 

7.1. The Loewner range. As we saw before, given a L'^-evolution family (or just an 
algebraic evolution family) on a complex manifold, it is well defined the Loewner range 
Lr{ips,t) as the class of biholomorphism of the range of any associated Loewner chain. 

Note that if a manifold A^ is in the Loewner range of an evolution family {if.s,t) on a 
complex manifold M, i.e., the biholomorphic class of A^ coincides with Lr{ips,t), then there 
exists a Loewner chain {ft) associated to {(ps,t) such that Ut>oft{M) = N. 

One can ask if it is possible to know the Loewner range in case M is a given manifold. 
For instance, if M is the unit disc D C C, the results of [13] imply that the Loewner 
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range of any evolution family of the unit disc is a domain in C (possibly C itself as in the 
classical case). We first start with the following simple remark: 

Remark 7.7. If M is simply connected (and non compact) then the Loewner range of 
any algebraic evolution family of M is simply connected (and non compact). Indeed, 
if /t : M — )■ is an associated algebraic Loewner chain, then the Loewner range is 
biholomorphic to the union of ft{M) which is an increasing sequence of simply connected 
domains. 

In particular, if M = © the unit disc, then the Loewner range of any evolution family 
on D is a simply connected non compact Riemann surface, thus, by the uniformization 
theorem, the Loewner range is either the unit disc © or C 

In higher dimension the situation is however different: there exists an algebraic evo- 
lution family {ifs,t) on which does not admit any associated algebraic Loewner chain 
with range in C'^ (see [H Section 9.4]). The example is however not regular, and in fact 
it is not known whether there exists a L'^-evolution family on B" whose Loewner range 
does not contain any open domain of C". 

One can somehow try to understand the biholomorphic type of the Loewner range of 
an evolution family {fs.t) by looking at the dynamics of the family itself. Philosophically 
this makes sense if one consider the equation ft o (f^^^ = /<, as a sort of "bi-parametric 
linearization". The idea is the following: let : M — >■ M be a univalent map. If 
there exists a univalent map a : M ^ N, called "intertwining map" , such that a o cp = 
$ o cr, where $ : — is an automorphism, one says that a linearizes the map if. 
The automorphism $ is generally very simple, but the image a{M) in might have a 
complicated geometry, which reflects the dynamics of (p. 

Starting from this considerations, it is natural to give some answers based on the 
asymptotic behavior of the Kobayashi pseudometric under the corresponding evolution 
family. 

Definition 7.8. Let M be a complex manifold. The Kobayashi pseudometric km '■ TM — )■ 
M"*" is defined by 

kmIz', v) := inf {r > : 3(7 : D — )■ M holomorphic : g(0) = z, g'(0) = -v}. 

r 

The Kobayashi pseudometric has the remarkable property of being contracted by holo- 
morphic maps, and its integrated distance is exactly the Kobayashi pseudodistance. We 
refer the reader to [T] and [2B] for details. 

Definition 7.9. Let {(fs,t) be an algebraic evolution family on a complex manifold M. 
For V E TzM and s > we define 



(7.2) 



(3'^{v) := lim KMi'^sA^)'^ {dLps,t)z{v)). 
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Since the Kobayashi pseudometric is contracted by holomorphic mappings the hmit in 
is well defined. 

The function /3 is the bridge between the dynamics of an algebraic evolution family 
{'^s,t) and the geometry of its Loewner range. Indeed, in [5] it is proved that, if iV is a 
representative of the Loewner range of (v^s,*) and (/j : M — )■ A^) is an associated algebraic 
Loewner chain, then for all z £ M and v G TjM it follows 

Remark 7.10. Let {ips,t) be an algebraic evolution family in the unit disc ©. The previous 
formula allows to determine the Loewner range: if /3f (f ) = for some s > 0, z G © can 
be taken to be 1), then the Loewner range is C, otherwise it is ©. 

Such a result can be generalized to a complex manifold M. Let aut(M) denote the 
group of holomorphic automorphisms of a complex manifold M. Using a result by J. E. 
Fornaess and N. Sibony [21], in [5] it is shown that the previous formula implies 

Theorem 7.11. Let M be a complete hyperbolic complex manifold and assume that 
M/aut(M) is compact. Let {ips,t) be an algebraic evolution family on M. Then 

(1) // there exists z G M , s > such that /3f (f ) 7^ for all v G T^M with v ^ then 
Li'(v5s,t) is biholomorphic to M . 

(2) // there exists z e M, s > such that dimc{t; G T^M : /3f (t;) = 0} = 1 then 
Lr{(ps,t) is a fiber bundle with fiber C over a closed complex submanifold of M. 

In particular one can apply the previous result to M = B" (or even to the polydiscs in 
C") and obtaining that any algebraic evolution family on the unit ball such that for 
some z G B", s > it follows that dimc{f G C" : /3f (f ) = 0} < 1, has an open domain in 
C" contained in its Loewner range. 

Finally, we note that the Loewner range of an evolution family is strictly related to 
the so called "abstract basin of attraction" of a family of random maps, as studied in 
hyperbolic dynamics. We refer the reader to [7] for more about this. 

References 

[1] M. Abate, Iteration Theory of Holomorphic Maps on Taut Manifolds, Mediterranean Press, Rende, 
Cosenza, 1989. 

[2] M. Abate, F. Bracci, M. D. Contreras, S. Dfaz- Madrigal, The evolution of Loewner's differential 

equations Newsletter European Math. Soc. 78, December 2010, 31-38. 
[3] D. Aharonov, S. Reich, D. Shoikhet, Flow invariance conditions for holomorpliic mappings in Banach 

spaces. Math. Proc. R. Jr. Acad. 99A (1999), no. 1, 93104. 
[4] L. Arosio, Resonances in Loewner equations, Adv. Math. 227 (2011), 1413-1435. 
[5] L. Arosio, F. Bracci, H. Hamada, G. Kohr, Loewner's theory on complex manifolds, Preprint 2010. 
[6] L. Arosio, F. Bracci, Infinitesimal generators and the Loewner equation on complete hyperbolic 

manifolds. Preprint 2011. 
[7] L. Arosio, Basins of attraction in Loewner equations. Preprint 2011. [arXiv:1108.6000v l 



HOLOMORPHIC EVOLUTION 



25 



E. Berkson, H. Porta, Semigroups of holomorphic functions and composition operators, Michigan 
Math. J. 25 (1978) 101-115. 

F. Bracci, M.D. Contreras, S. Diaz-Madrigal, Pluripotential theory, semigroups and boundary be- 
havior of infinitesimal generators in strongly convex domains, J. Eur. Math. Soc. 12 (2010) 23-53. 
F. Bracci, M.D. Contreras, S. Diaz-Madrigal, Evolution Families and the Loewner Equation I: the 
unit disc, to appear: J. Reine Angew Math. (Crelle's Journal), ArXiv 0807.1594. 

F. Bracci, M.D. Contreras, S. Diaz-Madrigal, Evolution Families and the Loewner Equation II: 
complex hyperbolic manifolds. Math. Ann. 344 (2009) 947-962. 

F. Bracci, M. D. Contreras, S. Diaz-Madrigal, Semigroups versus evolution families in the Loewner 
theory. J. Anal. Math, 115, 1, (2011), 273-292. 

M.D. Contreras, S. Diaz-Madrigal, P. Gumenyuk, Loewner chains in the unit disc. Rev. Mat. 
Iberoamericana 26 (2010), 3, 975-1012. 

M.D. Contreras, S. Diaz-Madrigal, P. Gumenyuk Loewner Theory in annulus I: evolution families 
and differential equations. Trans. Amcr. Math. Soc, to appear. 

M.D. Contreras, S. Diaz-Madrigal and P. Gumenyuk Loewner theory in annulus II: Loewner chains 
Anal. Math. Phys., to appear. 

M.D. Contreras, S. Diaz-Madrigal, P. Gumenyuk, Local duality in Loewner equations, in preparation. 
L. de Branges, A proof of the Bieberbach conjecture, Acta Math. 154 (1985) 137152. 
P. L. Duren, Univalent Functions, Springer, New York, 1983. 

C. Earlc, A. Epstein, Quasiconformal variation of slit domains. Proc. Amer. math. Soc. 129 (2001), 
3363-3372. 

C. H. FitzGerald, Ch. Pommerenke, The de Branges theorem on univalent functions. Trans. Amer. 
Math. Soc. 290 (1985), no. 2, 683690. 

J. E. Forn^ss and N. Sibony, Increasing sequences of complex manifolds. Math. Ann. 255, (1981), 
351-360. 

I. Graham, H. Hamada and G. Kohr, Parametric representation of univalent mappings in several 
complex variables, Canadian J. Math., 54 (2002), 324-351. 

I. Graham, H. Hamada, G. Kohr, and M. Kohr, Asymptotically spirallike mappings in several complex 
variables, J. Anal. Math., 105 (2008), 267-302. 

I. Graham, G. Kohr, Geometric function theory in one and higher dimensions. Marcel Dekker Inc., 
New York, 2003. 

I. Graham, G. Kohr and J. A. PfaltzgrafF, The general solution of the Loewner differential equation 
on the unit ball in C", Contemporary Math. (AMS), 382 (2005), 191-203. 

H. Hamada, G. Kohr, J. R. Muir, Extension of L'^-Loewner chains to higher dimensions. Preprint 
2011. 

W. Kager, B. Nienhuis, L. P. Kadanoff, Exact solutions for Loewner evolutions. J. Statist. Phys. 115 
(2004), 3-4, 805-822. 

S. Kobayashi, Hyperbolic complex spaces. Springer- Verlag Berlin Heidelberg, 1998 

P.P. Kufarev, On one-parameter families of analytic functions, (in Russian) Mat. Sb. 13 (1943) 

87-118. 

P.P. Kufarev, On integrals of a very simple differential equaiion with movable polar singularity in 

the right hand side (in Russian) Tomsk. Gos. Univ. Uchen. Zap. no. 1, (1946) 35-48. 

P. P. Kufarev, A remark on the integrals of the Loewner eqaution, Dokl. Akad. Nauk. SSSR, 57 

(1947), 655-656 (in Russian). 

P.P. Kufarev, V.V. Sobolev, L.V. Sporysheva, A certain method of investigation of extremal problems 
for functions that are univalent in the half-plane, Trudy Tomsk. Gos. Univ. Ser. Meh.-Mat. 200 
(1968), 142-164. 



26 



F. BRACCI 



[33] G.F. Lawlcr, Conformally invariant processes in the plane, Mathematical surveycs and monograph 
vol 114, Amcr. Math. Soc. (2005). 

[34] G.F. Lawler, O. Schramm, W. Werner, Values of Brownian intersection exponents. I. Half-plane 
exponents, Acta Math. 187 (2001) 237-273. 

[35] G.F. Lawler, O. Schramm, W. Werner, Values of Brownian intersection exponents. II. Plane expo- 
nents, Acta Math. 187 (2001) 275-308. 

[36] K. Loewner, Untersuchungen iiber schlichte konforme Abbildungen des Einheitskreises, Math. Ann. 
89 (1923) 103 121. 

[37] J.R. Lind, A sharp condition for the Loewner equation to generate slits, Ann. Acad. Sci. Fenn. Math. 
30, (2005), 1, 143-158. 

[38] D.E. Marshall, S. Rohde, The Loewner differential equation and slit mappings, J. Amer. Math. Soc. 
18 (2005) 763 778. 

[39] J. A. Pfaltzgraff, Subordination chains and univalence of holomorphic mappings in C", Math. Ann., 
210 (1974), 55-68. 

[40] J. A. Pfaltzgraff, Subordination chains and quasiconformal extension of holomorphic maps in C", 

Ann. Acad. Scie. Fenn. Ser. A I Math., 1 (1975), 13-25. 
[41] D. Prokhorov, A. Vasil'ev, Singular and tangent slit solutions to the Lowner equation, in Analysis 

and Mathematical Physics, Trends in Mathematics, Birkhuser Verlag, 2009, 455-463. 
[42] Ch. Pommerenke, Uber dis subordination analytischer funktionen, J. Reine Angew Math. 218 (1965) 

159-173. 

[43] Ch. Pommerenke, Univalent Functions, Vandenhoeck & Ruprecht, G5ttingen, 1975. 
[44] T. Poreda, On generalized differential equations in Banach spaces, Dissertationes Mathematicae, 310 
(1991), 1-50. 

[45] S. Reich, D Shoikhet, Metric domains, holomorphic mappings and nonlinear semigroups Abstr. Appl. 

Anal. 3 (1998), no. 1-2, 203-228. 
[46] S. Reich, D. Shoikhet, Nonlinear Semigroups, Fixed Points, and Geometry of Domains in Banach 

Spaces, Imperial College Press, London, 2005. 
[47] O. Schramm, Scaling limits of loop-erased random walks and uniform spanning trees, Israel J. Math. 

118 (2000) 221-288. 

[48] M. Voda, Solution of a Loewner chain equation in several variables, J. Math. Anal. Appl. 375 (2011), 
no. 1, 58-74. 

DiPARTIMENTO Dl MATEMATICA, UNIVERSITA DI ROMA "TOR VeRGATA" , VlA DeLLA RiCERCA 

SciENTiFicA 1, 00133, Roma, Italy 

E-mail address: fbracci@mat.uniroina2.it 



